Abstract. Let K be an algebraically closed field of characteristic zero and let R = K[X 1 , . . . , Xn]. Let I be an ideal in R. Let An(K) be the n th Weyl algebra over K. By a result of Lyubeznik, the local cohomology modules H i I (R) are holonomic An(K)-modules for each i ≥ 0. In this paper we compute the Euler characteristic of De-Rahm cohomology of H ht P P (R) for certain classes of prime ideals P in R.
Introduction
Let K be an algebraically closed field of characteristic zero, R = K[X 1 , . . . , X n ] and let I be an ideal in R. For i ≥ 0 let H i I (R) be the i th -local cohomology module of R with respect to I. Let A n (K) = K < X 1 , . . . , X n , ∂ 1 , . . . , ∂ n > be the n th Weyl algebra over K. By a result due to Lyubeznik, see [5] , the local cohomology modules H i I (R) are finitely generated A n (K)-modules for each i ≥ 0. In fact they are holonomic A n (K) modules. In [1] holonomic A n (K) modules are denoted as B n (K), the Bernstein class of left A n (K) modules.
Let N be a left A n (K) module. Now ∂ = ∂ 1 , . . . , ∂ n are pairwise commuting Klinear maps. So we can consider the De Rahm complex K(∂; N ). Notice that the De Rahm cohomology modules H * (∂; N ) are in general only K-vector spaces. They are finite dimensional if N is holonomic; see [1, Chapter 1, Theorem 6.1]. In particular the Euler characteristic χ c (N ) = n i=0 dim K H i (∂; N ) is a finite number. In this paper we compute the Euler characteristic χ c (H g P (R)) for certain prime ideals of height g.
We now describe the results of this paper. Let P be a height n − 1 prime ideal in R. Let C = V (P ) in A n (K) and let C denotes it's projective closure in P n (K). Set deg(C) = deg( C). Let z ∈ R sufficiently general linear form in x ′ i s. Then in Theorem 2.6 we prove that χ c (H
If S is a finite set then let ♯S denote the number of elements in S. Note that (with notation as above) C \ C is a finite set of points which are called points of C at infinity. Set V ∞ (C) = ♯( C \ C). In 3.3(a) we prove that dim K H n (∂; H Prime ideals of height n − 2 correspond to curves in P n−1 (K). To say something about the Euler -characteristic for higher degree varieties we need to make some more hypotheses. So let S = V (P ) be a Cohen-Macaulay surface, i.e., ht(P ) = n−3 and P roj(R/P ) is Cohen-Macaulay. Note we have H i P (R) = 0 for i ≥ n − 1. It can be shown that H n−2 P (R) = E R (R/m) s for some s ≥ 0; here m = (X 1 , . . . , X n ) and E R (R/m) is the injective hull of R/m; (see Lemma 4.5) . In Theorem 4.7 we prove that χ c (H n−3 P (R)) = (−1) n (s − 1).
Thus H n−3 P (R) completely determines H n−2 P (R) if V (P ) is a Cohen-Macaulay surface. This is a completely unexpected result.
Next we consider the case when V (P ) is a r-dimensional non-singular variety in P n−1 (K) with r ≥ 2. So ht(P ) = n − r − 1. It can be easily shown that for i ≥ n − r the local cohomology modules H i P (R) = E R (R/m) sj for some s j ≥ 0; see Lemma 5.1. Our final result; Theorem 5.2; is
Thus the numbers s j cannot be arbitrary.
In section 1 we introduce notation and discuss a few preliminaries that we need. We do not know of any software to compute H i (∂ : −). So in section 6 we compute
Preliminaries
In this section we discuss few preliminary results that we need. Remark 1.1. Although all the results are stated for De-Rahm cohomology of a A n (K)-module M , we will actually work with De-Rahm homology. Note that
Consider it as a subring of A n (K). Then note that H i (∂; M ) is the i th Koszul homology module of M with respect to ∂.
Lemma 1.6. With the notation as above,
Proof. Apply ℓ(−) to the exact sequence in Lemma 1.2.
1.7. Let I be an ideal in R and f ∈ R. Then we have an exact sequence
For proof see Lemma 1.6 of [6] .
The following is probably already known. We give a proof due to lack of a reference.
One can easily check that with this action
Then there exist a good filtration F = (F υ ) on M which is compatible with Bernstein filtration Γ υ of A n (K) (see Proposition 2.7 chapter 1 of [1] ). Also there exist rational numbers a 0 , · · · , a n such that
which is compatible with the Bernstein filtration of A n+1 (K).
Note that
Curves
The main result of this section is Theorem 2.6. The following three results are well-known. We include here due to lack of a reference.
, and P ⊂ R be a prime ideal of height g.
We have an exact sequence of the form
As ht(P, f ) =ht(P )+1, we get H As a consequence of 2.2 we obtain
Lemma 2.4. Let M be a holonomic A n (K) module, and z = x n be M −regular.
Multiplying by z we get m/z
This shows ξ =m/z i =n 1 /z i−1 . Continuing in this way we get
Definition 2.5. Let C be an affine curve in A n (K) and letĈ be it's projective closure in P n (K). Set degree(C)=degree(Ĉ).
The main result of this section is:
, P ⊂ R be a prime ideal of height n − 1, and let z be a sufficiently general linear form in
Proof. LetĈ be the projective closure of C. We know that if H is a sufficiently general hyperplane then H ∩Ĉ has degree(Ĉ) distinct points. We may also assume that none of these points are in hyperplane at infinity. So let z / ∈ P be a sufficiently general linear form in x , i s, then V (P, z) has degree(C) distinct points. By Lemma 2.1, Ass R (H n−1 P (R)) = {P }. Since z ∈ P , it is H n−1 P (R)-regular. Let I := (P, z), notice that I is zero dimensional i.e. dim(R/I) = 0. We have an exact sequence of the form
Notice that H n−1 (P,z) (R) = 0, and by corollary 2.3 H n P (R) = 0. So we get a short exact sequence 
By taking H * (∂ z ; −) to (1) and using Lemma 2.4 we get
, and an exact sequence
and
By taking Koszul homology with respect to∂ to (3) we obtain
By (4) and (5) we have
So we get
By (2) we have
Hence the theorem follows from Lemma 1.6, (6) and (7).
Homogenization and De-homogenization
In this section we consider the projective closure of an affine curve in P n (K). In this section our main result is Theorem 3.3. An easy but significant corollary of this result is Corollary 3.4
Homogenization and De-homogenization: Let us recall the notion of homogenization and de-homogenization.
The ideal I is said to be homogenization of J with respect to z. Also, if I is an ideal in R then J = IS ∩ A is said to be de-homogenization of I with respect to z. Now (
The following result is useful.
, and M be a holonomic
Set r = j + 1 and
. Let P ⊂ A be a prime ideal of height n − 1. Let P * =< f * | f ∈ P > be the homogenization of P . We know that ht(P * )=ht(P ) = n − 1. Let C = V (P ). ThenĈ = V (P * ). FurthermoreĈ \ C is a finite set of points which are called points of C at ∞. Set V ∞ (C) = ♯Ĉ \ C. We need the following result in the proof of Theorem 3.3. 
. By taking Koszul homology with respect to ∂ z and using Lemma 2.4 we get H 1 (∂ z ; H n (P * ,z) (R)) = 0. So
, and we have an exact sequence (9) 0 → H 0 (∂ z ; H n−1
(A) as A n (K) modules. With this identification, and taking Koszul homology to (9) with respect to ∂ = ∂ x1 , · · · ∂ xn , we get an exact sequence
By (9) we get
= −χ(H n (P * ,z) (R)) = 1 (by Theorem 2 of [6] ).
An easy consequence of Theorem 3.3 is the following:
Proof. Let x be a sufficiently general homogeneous linear form in the x i 's. By linear change of variables we may assume x = x 0 . We de-homogenize w.r.t. x 0 . Set A = R/(x 0 −1) and let Q be the image of P in A. Then note that after homogenizing w.r.t. x 0 we get Q * = P . So we get the result from Theorem 3.3(b).
Cohen-Macaulay Surfaces
The main result of this section is Theorem 4.7. The following result is well known. Let Spec 0 (R) = Spec(R)\{m} denote the punctured spectrum of R.
Proposition 4.1. Let R = ⊕ n≥0 R n be a standard graded ring. m = ⊕ n≥1 R n . Then the following are equivalent (1) Proj(R) is connected.
The following result is an easy consequence of Hartshorne-Leichtenbaum vanishing theorem [ 
The following result was one of the motivation to prove Theorem 4.7. It is also needed in it's proof.
Proof. Let z be a homogeneous linear form and R/I regular. Set A = R/(z − 1).
Let J = I * be the de-homogenization of I. We have an exact sequence
Since z is homogeneous, and E R (R/m) s is m torsion, so ((E R (R/m)) s ) z = 0. Thus (H n−1 I (R)) z = 0. So we get an exact sequence of the form (I,z) (R)) = −1. As χ(−) is additive with respect to exact sequences we get
Hence the result. (R)) = 1.
Proof. It suffices to show that Ass R H n−2 I (R) ⊂ {m}. Let P ∈ Ass R H n−2 I (R). As H n−2 I (R) is graded, so P graded prime. Note that I ⊂ P. Thus ht(P ) ≥ n − 3. Case(1) : ht(P ) = n − 3. Then dim R P = n − 3. Therefore (H n−2 I (R)) P = H n−2 IRP (R P ) = 0 by Grothendieck vanishing theorem. Therefore P ∈Ass R (H n−2 I (R)). Case(2) : Let ht(P ) = n − 2. As I is unmixed and ht(I) = n − 3 we get IR P is not primary to P R P . This implies IR P is not primary to PR P . By HartshorneLiechtenbaum vanishing theorem [4, 14.1] we get H n−2 IRP (R P ) = 0. Also note that
(R)). Case(3) : Suppose ht(P ) = n − 1. As Proj(R/I) is Cohen-Macaulay, and P ∈ Proj(R/I), we get (R/I) P = R P /IR P is Cohen-Macaulay.
By [2, App. Théoréme 1, Corollaire], there exist a complete regular local ring (S, n) such that (1) R P ֒→ S is flat and dim S = dim R P . (2) P R P S = n. (3) S/n = algebraic closure of R P /P R P . As R P /IR P is Cohen-Macaulay, we get R P /IR P ⊗ RP S is Cohen-Macaulay. Thus S/IR P S is Cohen-Macaulay of dimension 2. Therefore Spec
and P ⊂ R be a prime ideal. Suppose V (P ) is a Cohen-Macaulay surface i.e. htP = n − 3, and Proj(R/P ) is Cohen-Macaulay.
Proof. Let z be a homogeneous linear form which is R/P regular. Note E(R/m) z = 0. Let Q := de-homogenization of P with respect to z. Set A = R/(z − 1). Now consider the exact sequence
We also get H n−1 (P +(z)) (R) is a sub-module of H 
The proof of the following result is similar to the proof of Theorem 4.7. Proof. Let z be a homogeneous linear form which is R/I regular. Note that R/(I + (z)) will be Cohen-Macaulay. So χ(H n−2
(I+(z)) (R)) = 1 by corollary 4.5. The rest of the proof similar to that of Theorem 4.7.
Non-singular surfaces
The main result of this section is Theorem 5.2. We begin with an easy result. Proof. Let Q be a homogeneous prime ideal in R and P Q m. Then (R/P ) Q = R Q /P R Q is a regular local ring. So P R Q = (a 1 , · · · , a g ) where a 1 , . . . , a g is part of a regular system of parameters of R Q . Therefore (
is supported only at m for i > g. We now extend Theorem 4.7.
, and P ⊂ R be a homogeneous prime ideal. Suppose V (P ) is r dimensional non-singular variety in P n−1 K with r ≥ 2. Then
where
Proof. We prove the result by induction on r. For r = 2
This is Theorem 4.7. Let r ≥ 3. We assume the result for non-singular varieties of dim = r − 1 and prove it for non-singular varieties of dim = r.
Let H be a general hyperplane. Say H = V ((z)). By Bertini's Theorem, V (P ) ∩ H = V (P + (z)) is a non-singular variety of dimension r − 1.
As ht(P + (z)) = n − r, we get an exact sequence of the form
and H j P (R) ∼ = H j (P +(z)) (R) for j ≥ n − r + 1 = n − (r − 1). Now by induction hypothesis
examples
In this section we compute De Rahm homology of two curves in K[x, y].
So K/f ⊆ H 1 (∂ x ; H 0 (∂ y ; A f )). Let ∂ x (φ(x)/f ) = 0 in H 0 (∂ y ; A f ). Then ∂ x (φ(x)/f ) = ∂ y (u(x, y)/f i ) for some u(x, y) ∈ A and f does not divides u. By computing both sides we get that f divides u if i > 1, which is a contradiction. So i = 1 and Write a 1 = φ 2 (x) + ψ 2 (y) + xya 2 (x, y) and do the same as above to get a/f i ≡ φ(x)/f + ψ(y)/f in H 0 (∂ y ; A f ).
Now we compute H 1 (∂ x ; H 0 (∂ y ; A f )). Let ξ = φ(x)/f + ψ(y)/f ∈ H 1 (∂ x ; H 0 (∂ y ; A f )). Then ∂ x (φ(x)/f + ψ(y)/f ) = 0 in H 0 (∂ y ; A f ).
⇒ ∂ x (φ(x)/f ) + ∂ x (ψ(y)/f ) = ∂ y (a(x, y)/f i ), i ≥ 1 f ∤ a(x, y).
By computing both sides we get i = 1. Thus ∂ x (φ(x)/f ) + ∂ x (ψ(y)/f ) = ∂ y (a(x, y)/f ).
⇒ ∂ x (φ(x))/f − φ(x)y/f 2 − ψ(y)y/f 2 = ∂ y (a)/f − ax/f 2 .
⇒ f ∂ x (φ(x)) − φ(x)y − ψ(y)y = f ∂ y (a) − ax.
⇒ f (∂ x (φ(x)) − ∂ y (a)) = φ(x)y + ψ(y)y − ax.
Applying ∂ y we get x(∂ x (φ(x)) − ∂ y (a)) − f ∂ y (∂ y (a)) = φ(x) + ψ(y) + y∂ y (ψ(y)) − x∂ y (a).
⇒ x∂ x (φ(x)) − f ∂ y (∂ y (a)) = φ(x) + ψ(y) + y∂ y (ψ(y)).
Thus f divides (x∂ x (φ(x)) − φ(x)) − (ψ(y) + y∂ y (ψ(y))). As f = xy + 1. We get (x∂ x (φ(x)) − φ(x)) − (ψ(y) + y∂ y (ψ(y))) = 0. Thus x∂ x (φ(x)) − φ(x) = 0 and ψ(y) + y∂ y (ψ(y)) = 0. Hence φ(x) = cx where c ∈ K and ψ(y) = 0. Therefore
Also x/f = 0 in H 0 (∂ y ; A f ). For if x/f = ∂ y (u(x, y)/f i ) such that f does not divide u. Then xf i = ∂ y (u)f − ixu. Thus f divides −ixu. This is a contradiction as f does not divides u and x. Therefore H 1 (∂ x ; H 0 (∂ y ; A f )) = 0. So dim K H 1 (∂ x ; H 0 (∂ y ; A f )) = 1. Therefore by(15) dim K H 1 (∂; A f ) = 1. Hence the result.
